We have investigated analytically the influence of band non-parabolicity on the quantized gate capacitance in n-channel inversion layers of Al x Ga 1−x As͉ GaAs, In 1−x As x Sb͉ InSb, and In 1−x Al x As͉ In 1−x Ga x As y P 1−x ␦-doped modulation field effect devices, whose channel electrons obey the three, two, and the parabolic energy band models of Kane. The quantized gate capacitance has been investigated by including the effects of electric subbands under quantum mechanical treatment on GaAs, InSb, and In 1−x Ga x As y P 1−y lattices matched to InP as channel materials. The oscillatory dependence of the quantized gate capacitance as a function of surface electric field and gate bias signatures directly the two-dimensional quantum confinement of the carriers. The influence of the band non-parabolicity of the confined carriers significantly influences the value of the gate capacitance. The result of the gate capacitances for the parabolic energy band model forms a special case of our generalized theoretical formalism.
I. INTRODUCTION
An enormous range of important applications concerning field effect transistors ͑FET͒ in the quantum regime, together with a rapid increase in computing power, have generated much interest in exploiting the physical and electronic properties of nanoscale transistors made up of compound semiconductors. Examples of such applications includes various quantum wire FET, 1 quantum dot transistors, 2 quantum resistors, 3 resonant tunneling diodes, 4 quantum switches, 5 quantum sensors, 6 quantum logic gates, 7 optical modulators, 8 optical switching systems, 9 etc. The rapid downscaling in geometrical dimensions of electronic materials using improved technological processes [10] [11] [12] [13] [14] has lead to the invention of modulation doping 15 ͑MOD͒ in heterostructures. The controlled growth of multiple epitaxial heterostructures in subnanoscale regime, made up of III-V compound semiconductors, with excellent compositional and thickness control has been possible recently. [16] [17] [18] In heterostructures such as quantum wells, the reduction in the k-space symmetry of the carriers along one direction can be defined as the onedimensional ͑1D͒ carrier confinement by an infinitely deep 1D potential well, leading to quantized size effect of the wave vectors allowing two-dimensional ͑2D͒ electron transport phenomena, not exhibited in bulk semiconductors.
The III-V quantum well field effect transistors such as AlGaN/GaN, 19, 20 AlGaAs͉ GaAs, AlInAs͉ GaInAs, 21, 22 InGaAs͉ InAlAs, 23, 24 etc. came into picture due to very high electron mobility and conductivity 25, 26 compared to their corresponding bulk systems. This signatures the increased transistor drive current at both low and high drain bias, which are very important for high speed logic applications. The III-V MODFET also exhibits a high reduction in gate and energy delay product relative to the silicon MOSFETs. 27 In MODFET devices, the carrier concentration within a semiconductor layer can be increased significantly without the introduction of dopant impurities. 6 As it is, a conventional doping technique is important for increasing the free carriers and conductivity in a semiconductor but it comes at the cost of increased ionized impurity scattering, thus, reducing the carrier mobility, leading to reduction in the operation speed of the device. MODFED provides an extremely important alternative to this problem. In a MODFED, the free carrier concentration can be increased significantly without reducing the mobility by spatially separating them from the dopants, thus, minimizing the scattering. Due to such increased value of mobility, MODFETs are usually fabricated from III-V compound semiconductors and are being recently studied in the literature. [28] [29] [30] [31] [32] [33] The experimental demonstration of the dislocation free GaAs/ In 0.15 Ga 0.85 As ͑on GaAs͒ MODFET by Rosenberg et al. 34 has lead such device to find extensive applications in high-frequency and power circuits, 35 41 Such doping profiles also provide significant improvement in linear operation of the device in ac regime. 42, 43 This distribution of the carrier profile of the dopant atoms can be well represented by using the Gaussian distribution function. 44 It should be noted that the carrier statistics of the two dimensional electron gas ͑2DEG͒ formed at the interface of the heterojunction in a ␦-doped MODFED depends strongly on the band structure of the confined carriers and the applied electric field. Considering an undoped substrate material, the n-inversion channel so formed may be approximated by a triangular potential well. [45] [46] [47] For a channel made of III-V and related ternary material, the conduction electrons obey the three, two, and the parabolic energy band models of Kane. 48, 49 Due to the introduction of band non-parabolicity, the density of states becomes a function of the electron energy and hence the quantization effects in gate capacitance will be of much interest to investigate. In MODFETs, the gate being an integral part of the heterogeneous system, however, makes it differ from the more conventional structures with respect to the gate capacitance-voltage characteristics. Thus, an accurate accounting of such characteristics is of paramount importance at both low and high temperatures. The application of a strong electric field at the channel leads to 2DEG, which changes the electron dispersion relation of the carriers. As a consequence, the drain saturation current changes, which may reflect serious consequences on the transconductance and current driving capabilities of the concerned device.
What follows, in Sec. 
where E is the energy of the electron measured perpendicular upward direction from the edge of the conduction band, E g is the band gap, ⌬ is the isotropic spin-orbit splitting constant, ប͑=h / 2͒, h is the Planck's constant, m ‫ء‬ is the isotropic effective electron mass at k =0, k is the electron wave vector,
Applying the triangular potential well approximation, [45] [46] [47] the complete electric subband structures parallel to the interface can be written using the BohrSommerfeld's rule, [50] [51] [52] [53] 
where z T is the classical turning point and a i are the zeros of the Airy function 54 A i ͑a i ͒ =0. Under the application of an external electric field, Eq. ͑1͒ assumes the form
in which e is the magnitude of the electron charge, F s is the surface electric field along z direction, and the primes denote the differentiation of the differentiable functions with respect to E. Under this condition, Eq. ͑2͒ can be written as
͑4͒
where z T = ͕eF s ͓͑E͔͒Ј͖
‫ء‬ ͔͒. 
.
͑5͒
The electric subbands ͑E i ͒ in this case can be written as
͑6͒
The 2D total density-of-states function in such system assumes the form
where g v is the valley degeneracy and H is the Heaviside step function. For large values 51 of i, a i → ͓ 3 / 2 ͑ i + 3 / 2 ͔͒ 2/3 , in which i is the electric subband index.
Using Eq. ͑7͒, the expression of the surface electron concentration at temperature T in the n-channel inversion layers under external applied electric field can be written as
where k B is the Boltzmann's constant, F j ͑ 1 ͒ is the FermiDirac integral 55 of order j, and 1 ϵ͑k B T͒
gives the relation between 2D surface electron concentration in the triangular well and the applied surface electric field as
where s is the permittivity of the substrate material.
For a ␦-doped MODFET, as the undoped spacer layer does not contain any charge, the electric field is constant and the potential function can be written as ͑z͒ =−F s z, vanishing at the heterostructure interface, z =0. The Gaussian profile of the dopant atoms N D ͑z͒ from the heterostructure interface can be written as
in which s is the thickness of the ␦-doped layer as measured from the interface, and other symbols are defined in the above reference. 44 The doped cap layer, being made of the same material as that of the substrate, contains a positive charge density eN c from the donors for which ͑z͒ assumes the form
where N c is the dopant concentration of the cap of thickness c, d is the thickness of the undoped spacer layer as measured from the interface, d is the permittivity of the ␦-doped and the undoped layers, respectively, and erf is the error function. 54 The gate voltage v G may be written as
where s and m are the Fermi levels of the 2DEG and the metal, respectively ͑all the energies and potentials being measured from the conduction band minimum of the inversion layer͒.
It should be noted that the Fermi level of the 2DEG is given by E F ͑n 2D ͒ + ͑E i ͒, in which E F ͑n 2D ͒ and ͑E i ͒ must be calculated from Eqs. ͑8͒ and ͑6͒, respectively, for the present case.
The Schottky barrier at the gate-surface boundary pins the conduction band E c at the barrier voltage V b above the metal Fermi level m so that m =−e͓−͑c + d + s͔͒ − V b , and thus,
Using Eqs. ͑12͒ and ͑13͒, the gate bias equation assumes the form
͑14͒
The gate-channel capacitance C G can in general be written as 56, 57 1
Using Eqs. ͑13͒ and ͑14͒, C G in III-V and related substrate material in ␦-doped MODFED under external applied electric field at temperature T can be expressed as
where
, and
. At low temperatures, most of the carriers occupy the lowest energy level [58] [59] [60] and thus, Eqs. ͑8͒ and ͑16͒ are reduced to
and
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As the electrons begin to colonize the channel, the gate bias becomes the threshold voltage ͑v T ͒. In such a case, the band becomes flat in the substrate, and the spacer reduces the Fermi and subband energies to zero, leading to the expression of v T as, Under the condition ⌬ӷE g or ⌬ӶE g , Eq. ͑1͒ can be written as
where ␣ is the non-parabolicity parameter and is approximately given by 48, 49 1 / E g . Equation ͑20͒ is commonly known as the two band model of Kane. 48, 49 Proceeding similarly, the dispersion relation in this case assumes the form
͑21͒
Equation ͑21͒ under the influence of an externally applied electric field is well known in literature. 61 The subband energies, total density-of-states function, and the carrier concentration can respectively be written as
where 2 = ͑k B T͒
‫ء‬ ͔ 2/3 ͖. The gate bias is given by Eq. ͑14͒, in which E F ͑n 2D ͒ should be determined from Eq. ͑24͒ in this case. Using Eqs. ͑16͒ and ͑24͒, C G in III-V and related substrate material in ␦-doped MODFED under external applied electric field at temperature T in this case can be expressed as
At low temperatures, Eqs. ͑24͒ and ͑25͒ are reduced to
ͮ ,
͑26͒
, and 
is known as the parabolic energy band model of Kane.
48,49
The dispersion relation following Eq. ͑2͒ under the application of an external electric field gets simplified as
is well known in the literature. 45, 46 The subband energies, the total density-of-states function, and the carrier concentration can similarly be written as
where 3 = ͑k B T͒
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The equation for the gate bias v G is given by the Eq. ͑14͒, in which E F ͑n 2D ͒ should be determined from Eq. ͑32͒ for the present case.
Using the appropriate equations, C G in III-V and related substrate materials in ␦-doped MODFED under external applied electric field at temperature T assumes the well known form
At low temperatures, Eq. ͑32͒ reduces to
ͬ .
͑34͒
Assuming that the lowest subband is occupied, the gate bias in Eq. ͑14͒ gets simplified as
where r B is the scaled Bohr radius. The gate-channel capacitance thus reduces to
III. RESULT AND DISCUSSIONS
Using Table I and the appropriate equations, in Fig. 1 , the gate capacitance per unit area has been plotted as function of the surface electric field at T = 300 K for Al x Ga 1−x As͉ GaAs ␦-doped MODFED, whose 2DEG follows the three, two, and the parabolic energy band models of Kane. The relative shift of the gate capacitance clearly exhibits the significant dependence of the same on the spectrum constants of the 2DEG in the n-channel inversion layer. The application of such high values of the surface electric field on the 2DEG results the formation of the electric subbands, which signatures the quantization of the motion of the carriers and hence the quantized Fermi energies. The contribution of the electric subbands on the gate capacitance significantly enhances its value. It should be noted that the value of the gate capacitance in ␦-doped MODFED is considerably less than the corresponding cases of bulk MOS devices since the gate bias affects the density of the carriers in the triangular well, reducing them to zero. This results in lowering of the net amount of charge at the interface and hence lowering the interface quantum capacitance contribution to the overall gate capacitance. In addition, as the spacer layer in MOD-FED spatially separates the impurities and the 2DEG, the mobility is higher in such devices and finds extensive applications as modern high electron mobility transistors.
In Fig. 2 , the gate capacitance per unit area has been plotted as function of the gate voltage for all the cases of Fig.  1 . The influence of quantum confinement is immediately apparent from all the figures since the gate capacitance depends strongly on the quantized energies of the 2DEG, which is in direct contrast with their respective bulk devices. With higher values of the surface electric field, the carrier degeneracy in the strongly inverted n-channel increases, thereby increasing the gate capacitance. It appears that the gate capacitance follows a steplike behavior although the numerical 
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values vary widely and are determined by the constants of the energy spectra. The oscillatory dependence is due to the crossing over of the Fermi level by the quantized levels. For each coincidence of such levels with the Fermi level, there would be a discontinuity in the density-of-states function resulting in a sudden jump in magnitude. It should be noted that the height of step size and the rate of decrement are totally dependent on the band structure of the 2DEG. reported although such structures find many extensive applications in high mobility systems since the band gap of these optoelectronic materials can be varied over a wide range by adjusting the alloy composition. 72 These compounds can be extremely useful and are widely investigated because of their significant enhancement of carrier mobility 73 and low effective mass. 64 Hence, the use of such compounds may have a great impact on the nanoscale transistor technologies. What follows, in Figs. 5-12, the gate capacitance and the Fermi energy have been plotted as functions of applied electric field and gate bias, respectively, whose conduction electrons in the channel follows the three, two, and the parabolic energy band models of Kane. 48, 49 It appears from all the figures that the gate capacitance is the largest for Al x Ga 1−x As͉ GaAs and the least for Al x In 1−x Sb͉ InSb.
For a condensed paper presentation, the influences of the quantization and the defect centers due to the alloy composition ͑DX centers͒ on threshold voltage have been ne- 
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glected, which can significantly affect its value. 74, 75 Such incorporation would certainly enhance the accuracy of our results on the threshold voltage. The values of the gate capacitances and the Fermi energies after proper inclusion of the subband energies for respective MODFED at room temperature can be compared with the available data for relative comparison. Our method is not at all related to the densityof-states technique as used in literature 76 since, from the E-k dispersion relation, one can obtain the DOS. However, the DOS technique as used in literature 76 cannot provide the E-k dispersion relation. Therefore, our study is more fundamental than those existing in the literature since the Boltzmann transport equation, which controls the study of the charge transport properties of semiconductor devices, can be solved if and only if the E-k dispersion relation is known. It may be remarked that, in recent years, the carrier statistics of III-V and related materials have been extensively studied 77 ,78 yet the quantized gate capacitance for the n-channel inversion layers in MODFEDs have been less investigated by considering the band non-parabolicity of the channel materials. We wish to note that we have not considered the hot electron and many body effects in this simplified theoretical formalism due to the lack of proper analytical techniques in the literature for including them in the present system. Our simplified approach will be useful for the purpose of comparison when methods for tackling the formidable problem after inclusion of such effects for the present generalized systems would appear. The inclusion of the aforesaid effects would certainly increase the accuracy of our results although the qualitative features of the quantized gate capacitance, as discussed here, would not change in the presence of the aforementioned effects.
While formulating our results, we have assumed that the potential well at the surface may be approximated by a triangular well, which however, introduces some errors such as negligence of the free charge contribution to the potential. This kind of approach is reasonable if there are only a few 
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charge carriers in the inversion layer but is responsible for an overestimation of the splitting when the inversion carrier density exceeds that of the depletion layer. This approximation will not introduce significant error since, for actual calculations, one needs to solve both Schrödinger's and Poisson's equations self-consistently, which is a formidable problem for the present generalized system due to the nonavailability of the proper analytical techniques, without exhibiting a widely different qualitative behavior. 45 The second assumption deals with the analyses of the numerical calculations in electric quantum limit where the quantum effects become prominent. The errors that are being introduced for these assumptions will not affect too much the results at low temperatures. 79 Hence, for electric quantum limit, the temperature has been assumed to be low since, in that case, most of the electrons are at the lowest electric subband. [58] [59] [60] 79 We have not considered other types of optoelectronic materials and other external variables in order to keep the presentation brief. Besides, the influence of energy band models and the various band constants on the gate capacitances for different MODFEDs made of III-V, II-VI, IV-VI, and related ternary substrates can also be estimated from all the figures.
Thus, we have presented an analytical expression of the quantized gate capacitance in different MODFEDs by including proper quantum mechanical treatment on the band non-parabolicity of the substrates. It should be noted that the quantum capacitance is an inherent property of 2DEG system. 80 Under certain limiting conditions, the respective generalized expressions, as derived here for the parabolic energy dispersion model, reduce to the results in confirmation with Pal et al. 81 The theoretical results as given here would be useful in analyzing various other experimental data 82 related to this phenomenon. Finally, it may be concluded that this theory can also be used to investigate the gate capacitances, Burstien-Moss shift, the effective electron mass, the specific heat, and other different transport coefficients of modern ultrathin film semiconductor devices operated under the influence of external photon field. 
